We introduce new teleportation protocols which are generalizations of the original teleportation protocols that use the Pauli group [1] and the port-based teleportation protocols, introduced by Hiroshima and Ishizaka [2] , that use the symmetric permutation group. We derive sufficient condition for a set of operations, which in general need not form a group, to give rise to a teleportation protocol and provide examples of such schemes. This generalization leads to protocols with novel properties and is needed to push forward new schemes of computation based on them. Port-based teleportation protocols and our generalizations use a large resource state consisting of N singlets to teleport only a single qubit state reliably. We provide two distinct protocols which recycle the resource state to teleport multiple states with error linearly increasing with their number. The first protocol consists of sequentially teleporting qubit states, and the second teleports them in a bulk.
Teleportation lies at the very heart of quantum information theory, being the pivotal primitive in a variety of tasks. Teleportation protocols are a way of sending an unknown quantum state from one party to another using a resource in the form of an entangled state shared between two parties, Alice and Bob, in advance. First, Alice performs a measurement on the state she wants to teleport and her part of the resource state, then she communicates the classical information to Bob. He applies the unitary operation conditioned on that information to obtain the teleported state.
A notable use of teleportation is in relation to computing, where it plays a key role enabling universal quantum computation and establishing a strong link between a particular teleportation protocol and a kind of computation possible to be implemented using it [3] .
Recently, Hiroshima and Ishizaka introduced portbased teleportation [2] which has the distinct property that Bob does not need to apply a correction after Alice's measurement. It is an important primitive for programmable quantum processors [2, [5] [6] [7] , which rely on an efficient way of storing a unitary transformation and acting it on an arbitrary quantum state. This protocol evades the fundamental limitations of the no-go theorem proved in [7] , which states that universal deterministic programmable quantum processors cannot exist. Even though the protocol makes it possible to execute arbitrary instructions deterministically, the result will be inherently noisy.
Port-based teleportation has already found its use in instantaneous non-local quantum computation [8] . In the latter task, using it as the underlying teleportation routine dramatically reduced the amount of entanglement required to perform it. Such computations proved to be instrumental in attack schemes on position-based quantum cryptography [9] [10] [11] [12] . Currently, it is known that the minimum amount of entanglement an adversary needs to perform a successful attack on the scheme must be at least linear in the number of communicated qubits [11] . Also, an adversary having access to at most an exponential amount of entanglement can successfully break any position-based cryptography scheme [8] . However, we do not know how much entanglement is necessary to break all schemes of this kind. Any improvement of the underlying teleportation protocol will invariably lead to the decrease of amount of entanglement required to break them, and potentially render such attacks more feasible.
Port-based teleportation works as follows: at the beginning of the protocol Alice and Bob share a resource state, which consists of N singlets |Ψ − AB = 1 √ 2 (|01 − |10 ), termed ports. Alice performs a measurement in the form of POVM on the joint system, that includes the state she wants to teleport and her resource state. She obtains the measurement outcome i from 1 to N and communicates it to Bob, who traces out all the port subsystems except for i-th one, discarding the remaining entanglement. The i-th port now contains the teleported state.
Although conceptually appealing, port-based teleportation relies on the properties of the symmetric permutation group, which limits its scope. In particular, it restricts the use of such teleportation protocols to implement gates specific to the underlying group. In the case of ordinary teleportation these gates correspond to Clifford-type computation [3] . Another drawback of port-based teleportation is that it requires an enormous amount of entanglement in the resource state to teleport a single quantum state with high fidelity. This makes it extremely ill-suited for practical purposes. Decreas-ing the amount of entanglement required to teleport a sequence of quantum states will result in more efficient storage of the program encoded in unitary transformation as well as making efficient instantaneous non-local quantum computation, and tasks that depend on it.
In this Letter we address the two issues above. First, we find sufficient condition for the generalized teleportation protocols, which is needed to push forward new schemes of computation based on them. Second, we introduce a recycling scheme, which drastically reduces the amount of entanglement used in port-based teleportation, and therefore allows for efficient attacks on position based cryptography.
To tackle the first problem, we find sufficient condition that Alice's operations have to satisfy in order to make them amenable to be used in more general teleportation protocols and provide examples. From a grouptheoretic perspective all currently known teleportation protocols can be classified into two kinds: those that exploit the Pauli group [1] and those, which use the symmetric permutation group [2] . Such a simple change of the underlying group structure leads to two protocols with striking differences in the properties: the former protocol uses a finite resource state to teleport the state perfectly, but the receiver must make the correction to obtain the state, whereas the latter protocol require an infinitely big resource state to teleport the state perfectly, while not needing a correction on the receiver's side. The former teleportation scheme was used in the celebrated result of Gottesman and Chuang [3] to perform universal Clifford-based computation using teleportation over the Pauli group. The generalized teleportation protocol introduced in this Letter embraces both known protocols, and paves the way for protocols which lead to programmable processors capable of executing new kinds of computation beyond Clifford-type operations. The operations in the generalized teleportation protocol need not form a group. Also, because teleportation is known to be intimately connected to the variety of other fundamental tasks in quantum information processing [13] , its generalized version brings the potential for protocols with new properties, which depend on its implementation.
To address the second problem we introduce two distinct protocols, which recycle the entanglement available in the resource state. Using a single resource state comprised of N ports, they teleport any number of systems which is sublinear in N with an error that linearly increases with the number of teleported states. The first protocol amounts to sequentially teleporting qubit states, recycling the original resource state. This can be viewed as the application of the original port-based teleportation with the resource state, followed by a resource recycling step. The resource degrades with every teleported state. In the second protocol Alice teleports her states in one go, performing the POVM, which randomly assigns each of the teleported states to one of the ports. The latter protocol, rather remarkably, provides the same finite case and asymptotic performance as the former: both of the protocols operate with an error, which is linear in the number of systems teleported. A similar idea about recycling the entangled state was used in the context of a remote state preparation protocol [4] . The ability to recycle entanglement in such protocols has an immediate effect on the entanglement consumption of the instantaneous computation and position-based cryptography: an adversary may conduct an attack on any position-based cryptography scheme using a linear amount of entanglement in the number of communicated qubits for the case when communicating parties are constrained to product measurements.
Generalized Teleportation. Until now, grouptheoretic aspects of the teleportation protocols were largely overlooked. Currently, there are two distinct groups, which undergird different teleportation protocols. The first one is the Pauli group, which appeared in the first teleportation protocol of Bennett et al. [1] . Another one, the symmetric permutation group S N was implicitly used in the port-based teleportation protocol of [2, 6] . Therefore, we recast the description of the portbased teleportation protocol to elicit its connection with S N , and provide the basis for generalized teleportation protocols.
This port-based teleportation protocol [2] can be equivalently viewed as such where Alice applies a measurement, which corresponds to the action of some element g from some set G on her total state. In the next step, Alice sends the description of g to Bob who then applies the unitary transformation U † g conditioned on g to his overall state, to reach some predefined terminating state. We say that the teleportation protocol P successfully terminates when Bob obtains the state σ B ⊗ φ B 0 , where φ B 0 is the teleported state, and σ B is the state of the remaining ports. In the case of port-based teleportation U g acts as a swap operation between the port where the state was teleported and the first port. Now we consider the generalized form of the teleportation protocol where all the operations on Alice are members of some set G, |G| = K, which in general need not form a group. The protocol that is able to teleport an unknown quantum state reliably under Alice's operations which belong to the set G is denoted as P G . Recall that the task of teleportation is in correspondence with the problem of signal discrimination for qudits [8] : the probability p s (G) of successfully discriminating a set of signals {η g } g∈G , where
after Alice applied her operation is related to the fidelity of teleportation protocols in the qudit case as
In the generalized protocol, parties start with the resource state
, and perform the following steps:
2. Alice communicates the identity of the element g to Bob.
3. Bob applies U † g to his subsystems.
The following Lemma presents the sufficient condition which Alice's operations must satisfy in order to induce the reliable teleportation scheme:
where d denotes the dimension of each of the subsystem.
The proof of Lemma 1 is located in Section 1 of the Supplemental Material.
A particular example of the unitaries, which possess the property required by Lemma 1 is any 2-design [15] {U g ⊗ U g } g∈G based on some group G. Another example of the set {U g } g∈G that induces {η g } g∈G is the set of random unitaries introduced in [14] , and it is easy to construct plenty of others.
A particular example of the set {U g } g∈G that induces {η g } g∈G is the set of random unitaries introduced in [14] , and it is easy to construct plenty of others.
Recycling of the resource state. We now introduce two schemes that recycle entanglement in the resource state. Our first protocol consists of sequentially teleporting a sequence of qubits using a pre-shared resource state, which is made of N singlets. One can view it as the multiple application of the port-based teleportation protocol introduced in [2] , where instead of getting rid of the resource state in the end of the protocol, the parties keep it. For the programmable processor, this corresponds to executing instructions using a simple queue. To ensure that the protocol is indeed capable of teleporting multiple states while recycling the original resource state, it suffices to show that the latter does not degrade much. We do so by finding that the upper bound on the amount of distortion the resource state incurs after the next teleportation round is small, or, equivalently, we find that the fidelity of the resource state with the maximally entangled state does not change much with recycling. More formally, consider Alice and Bob who start with the initial state |ρ port = ⊗ N i=1 |Ψ − A i B i . We will henceforth refer to each A i B i as a port, with the subsystems A i , B i being held by Alice and Bob respectively.
In addition, they hold a state
and Alice wants to teleport the state of subsystem A 0 to Bob with R 0 serving as a reference system which neither party has access to. The total state (resource state together with the state to be teleported) they share at the beginning of the protocol is |Ψ in = |Ψ
We define the recycling protocol P rec to be the following sequence of actions: 3. Bob applies a SWAP operator to ports z and 1.
4. Alice and Bob mark port 1 and do not use it in the next rounds of teleportation.
5. Alice and Bob repeat steps 1-4 using unmarked ports.
As in the original deterministic teleportation protocol from [2] , in step 1 Alice performs a measurement 
, which corresponds to the idealized situation when the successful teleportation is carried out without any disturbance to the remaining ports.
To show that after the first three steps of P rec the state of the remaining ports is sufficiently good to be recycled in further teleportation rounds, it is enough to demonstrate that the output state ρ i out = |Ψ i out Ψ i out | has high average fidelity with
where the superscripts in ρ i out , Ψ i id denote the corresponding states after the teleported state goes to port i, and the last term denotes the probability that the teleportation fails.
Our first result is that the protocol P rec does not degrade the total resource state by much: Theorem 1. After the steps 1-4 of P rec :
The proof of the Theorem is located in Section 2 of the Supplemental Material. We will further omit the quadratic terms in the bounds.
Once we have established that it is possible to recycle the resource state, it is important to understand how the error accumulates after each round of teleportation. When the number of ports N and rounds k is relevant we denote it together with the protocol as P rec (N, k) . It turns out that Alice and Bob can guarantee that the error is at most additive in the number of rounds: Lemma 2. After teleporting k qubits the resulting fidelity is lower bounded as:
The proof of Lemma 2 is located in Section 2 of the Supplemental Materials.
Simultaneous teleportation. We now present the second protocol, which recycles the entanglement in the resource state much differently to that of the first one. Consider Alice, wishing to teleport k qubits simultaneously to Bob. Parties share the resource state |ρ port = ⊗ N i=1 |Ψ − A i B i , and Alice wants to teleport the systems A 0 ...A k . The protocol for simultaneous teleportation is similar to steps 1-3 of P rec , with the following changes. Instead of N POVM elements, there are
of them, each corresponding to the possible ports that the teleported states could appear in. After the measurement, instead of a single port number Alice reveals the identity of k ports where the k states went to. We denote the protocol that uses N ports and teleports k qubits simultaneously as P sim (N, k).
Theorem 2 shows that this protocol can indeed teleport k > 1 states at once efficiently. From the Theorem it follows that the resource state degrades proportionally to the number of qubits teleported.
Theorem 2.
The fidelity of simultaneous teleportation of k qubits using steps 1-5 of the port-based teleportation protocol above is
The proof of the Theorem is located in the Section 3 of the Supplemental Material.
One can see that in the limit N → ∞ the teleportation scheme works with perfect fidelity when the number of systems that Alice can teleport is sublinear in N.
Parallel repetition of port-based protocol. In addition to the two protocols above, we introduce the protocol, which makes it possible for concurrent teleportation of the states from Alice to Bob which does not require recycling of the original state. It does so by means of partitioning the resource state into smaller parts and running the original port-based teleportation [2] on each of the parts independently. More precisely, the protocol, denoted as P •k par (N), consists of teleporting k qubits by running port-based teleportation protocol k times in parallel each utilizing N k ports each time to teleport a single qubit. We will see that this protocol is substantially worse than the previous two.
Performance of the port-based protocols. Let us now bring together P rec (N, k), P sim (N, k) and P •k par (N), in order to compare their performance in the task of teleporting k states when the resource state consists of N ports. To show how they stack up against each other we introduce a common measure of the performance of the protocols in the following definitions:
Definition: the port-based teleportation protocol P (N, q) is said to be reliable if it requires N ports (singlets) to teleport a sequence q ≡ q(N) of qubits with fidelity of teleportation satisfying
Definition: we say that the reliable protocol P (N, q) is efficient if it can teleport Q P (N) = arg max q P (N, q).
One can establish a partial order on the set of efficient protocols:
The Lower bounds. The achievable fidelity of the total teleportation of
Therefore, the lower bound for the performance of the protocol is:
From Lemma 2 it follows that by using P rec we can teleport at least a sublinear number of qubits in the number of ports reliably, thus:
where g(N) ∈ o(N). Lastly, for P sim (N, k) using the result of Theorem 2 we get:
where g(N) ∈ o(N). Even though P rec (N, k) and P sim (N, k) are the protocols with completely dissimilar modes of operation, and being, strictly speaking, incomparable, they achieve the same asymptotic figure of merit -teleporting a sublinear number of systems. While both protocols achieve perfect fidelity of teleportation in the limit, one cannot be reduced to another, as they use the resource state for teleportation in an entirely different way. In the former protocol Alice applies a POVM that induces a permutation, which assigns the teleported state to one of the ports and communicates its identity to Bob via the classical channel. In the latter one, she applies a single 'large' permutation that assigns each of the k teleported qubits to some unique port, followed by a single round of classical communication. The action of the permutation in P sim (N, k) cannot always be simulated by the repeated application of the permutation and classical communication from P rec (N, k), because permutations do not commute in general.
Upper bound. The way we approached the calculation of the fidelity of teleportation in all of the protocols enabled us to find lower bounds for each of the protocols, but it gave no insight as to whether they are optimal. In what follows, we present a simple protocol-independent upper bound based on no-signalling principle.
Observation 3. For any port-based teleportation protocol P (N, k) we have
To justify this bound, consider a generalized portbased teleportation protocol where at the beginning Alice randomly picks one of two states to teleport: |Ψ 0 = |0 ⊗k or |Ψ 1 = |1 ⊗k . She performs a measurement prescribed by the protocol and is yet to communicate its outcome to Bob. If the protocol succeeds in transmitting k > N 2 reliably, then there is no need to send any classical communication to Bob because he could measure each of the ports getting outcomes 0 and 1, and taking the majority vote to determine the teleported message with certainly. However, this is impossible, as it violates the no-signalling principles, which prohibits superluminal communication between Alice and Bob. Therefore, the maximum number of qubits that Alice can reliably communicate to Bob using port-based protocol is
It is an intriguing open question -which structures satisfy the sufficient condition of the Lemma 1, and, more importantly, what novel forms of computation might lead from here. In other words, what sets of unitaries {U g } g∈G lead to interesting computation schemes. An important open question is whether one can find a set of such unitaries which allow for new teleportation based computation schemes beyond those considered in [3] .
Finally, having established the possibility of recycling and simultaneous teleportation in the port-based protocols, makes the implementation of the programmable processors more feasible, as one can now carry out the operations using less entanglement. The true potential of these protocols is yet to be fully explored.
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GENERALIZED TELEPORTATION
Proof of Lemma 1:
Consider the expression for teleportation fidelity expressed in terms of hypotheses testing in Lemma A.1 of [8] :
where p s (G) is the probability to successfully distinguish a set of states induced by Alice's operations from G (the case when K = N and G = S N was originally introduced in [2] ). The expression for p s (G) can be conveniently presented in terms of the states, induced by operations from G:
where η g have the form of (12) in the main body. If operations in G that achieve the terminal state Ω B with Ω B − σ B ⊗ φ B 0 1 ≤ ǫ, then at the end of teleportation protocol the fidelity is at least:
Substituting expressions from (14) and (15) we see that the action of the set G on the ports must be
to achieve the reliable teleportation. This proves the result. ⊓ ⊔
ENTANGLEMENT RECYCLING
We first find the expression for the total state after Alice's measurement and the ideal state respectively. It is followed by the explicit expression of the fidelity, which precedes the proof of Theorem 1. For convenience of notation, we will further label the reference system R 0 to be B 0 .
The application of Π i results in
The average fidelity has the form:
where without loss of generality we can assume that Alice obtains outcome z = 1, and the teleported state lands in the first port. Therefore,
We further make some simplifications: σ
A . (24) Therefore, Tr σ
Substituting it in Eqn. (22) we get the resulting expression for fidelity:
Proof of Theorem 1:
We essentially need to compute TrΠ 1 and
and Tr(σ
up to the leading order. We provide detailed calculation for TrΠ 1 , as Tr(σ
can be obtained in a completely analogous way. We proceed by first representing the operators in the Schur basis, which simplifies the computation of the product of operators in each case. Then we explicitly compute the expressions to which both of them converge in distribution.
Consider the representation of the states ρ out and σ 
where
with |Ψ I(I I) (λ ± s± 1 2 , m, β) defined in Eqn. (14) (15) of [6] .
The parameter β denotes the additional degree of freedom of the spin eigenbasis. As in the original protocol, we will consider only the space for irreps of the permutation group. From equations (19)-(23) in [6] we get the following relations: . We will further identify Q ↑↓ = Q − , and Q ↓↑ = Q + . This leads to a more concise representation:
where Q ± correspond to eigenspaces with eigenvalues λ ± s± 1 2 , and R i = ∑ β |ψ β ψ β | is a projector such that
, and ψ β |Q − |ψ β = s+1 2s+1 . To compute TrΠ 1 we first consider a more general expression: X σ (1) X, where σ
A , and operator X can be written as:
From Eqn. (32)-(35) it follows that:
where we put superscripts s, s ′ on top for clarity. Note that by virtue of belonging to different irreps indexed by s, blocks with different eigenvalues are orthogonal, therefore all the terms in the direct sum where s = s ′ will be zero. Evaluating each term individually, we get , m, β) .
Only the terms where Q has the same sign on the left and on the right from σ
A will result in non-zero contribution to the trace of Eqn. (39):
A X =Tr(|ψ
Recalling that
, the explicit form for TrΠ 1 is: 
. From the equations (7), (9) of [6] we know that
Finally, substituting them in the Eqn. (45):
We will further compute TrΠ 1 up to terms O 2 , N] for even. Then we note that the obtained expressions are the expectation values of a function of the random variable with binomial distribution. Then, using de MoivreLaplace theorem [16] in the limit of large N we replace the binomial random variables by the ones distributed as N(0, 1). Then, we compute the expectations directly, obtaining the result:
In (48) 
of the random variable k ∼ Binom(N, 1 2 ). In the limit of large N, k is well approximated by the random variable Z ∼ N(0, 1):
Then, in Eqns. (50), (51) we simplify the expression inside the expectation using the expansion (1 Tr σ 
A . Substituting values of λ ± s± 1 2 and simplifying the calculation analogously to (47)-(52) we get: In what follows without loss of generality we will assume that the teleported state goes to port 1. We will also use the notation: ρ out,AB = ρ 1 out and Ψ id,AB = Ψ 1 id . From Theorem 1 it follows that the fidelity of the overall state after the teleportation 
Therefore, it follows that the fidelity of each individual port with singlet after the teleportation has the same lower bound as (69).
Proof of Lemma 2:
May the total state at the beginning of the protocol be
where ω C 1 ...C k denote a k-qubit state that Alice wants to teleport to Bob using P rec , and φ A 1 B 1 ...A N B N denote the ports. After the first round of the teleportation protocol the state of the qubit in subsystem C 1 goes to A 1 , and the total state becomes:
From Theorem 1 we know that 
